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Abstract. We will show that some variants of the Ehrenfeucht Conjecture give us algebraic 
properties which separate the Chomsky classes 1, 2, and 3. 
Introduction 
Recently, the famous Ehrenfeucht Conjecture has been proved. It states that for 
my formal language Lc  X* there exists a finite test set Tc  L such that any pair 
)f homomorphisms f, g : X* -~ Y* agrees on L if and only if it agrees on T. 
gxample. Let L={a"bn[n>~O}. Then a trivial computation shows that we may 
,'hoose T = { ab, aabb }. 
Today, at least wo fairly simple proofs are known for the Ehrenfeucht Conjecture, 
;ee [1, 9]. The first uses the canonical embedding of Y* in the free metabelian group 
wet Y. The second, less canonical but more easily to see, embeds Y* in GL2(Z). 
in fact, analysing these proofs one sees that they hide a more general result: The 
Shrenfeucht Conjecture remains true if we replace the free monoid Y* by any 
:ubmonoid of metabelian groups or of GL,(C) for fixed integer n. 
Thus, a very natural question appears whether Y* can be replaced by more 
:eneral groups or monoids. Allowing arbitrary monoids already fails for regular 
anguages. It even fails if we fix one of the homomorphisms to be the constant map 
into the unit element. A much more interesting situation arises if we look at 
tomomorphisms into cancellative monoids or into groups. Then we obtain different 
Lnswers for regular, context-free, and context-sensitive languages. The main result 
ff the note states that there are context-free languages without finite test sets for 
~airs of homomorphisms into groups. An example of such a language is the same 
~s above: L = {a"b"ln ~ 0}. 
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Notations: The letter X denotes a finite alphabet. X* is the free monoid and 
F(X)  means the free group over X. A language is a subset of X*. It is viewed as 
contained in F(X),  too. We use (L) to indicate the generated subgroup of a language 
L in F(X).  
By M we denote monoids. Any subset P c M × M generates a congruence, and 
M~ P means the quotient by this congruence. I f  P = L x L for some L c M, we write 
M/L  instead of M/L  x L. The cancellative quotient C(M) of M is defined by the 
intersection of all congruences P c M x M which satisfy: (uxv, uyv) ~ P. implies 
(x ,y )eP  for all u, v, x, yeM.  
1. Test sets for homomorphisms which are constant on the language 
The existence of test sets for homomorphisms is strongly connected with the finite 
presentation of certain groups or monoids. This is most easily seen in the restricted 
case where we want to know whether a homomorphism is constant on a given 
language. Let us consider the following three properties of a language L c X*: 
(M): There exists a finite subset To-- L such that any homomorphism of
X* into a monoid is constant on L if it is constant on T. 
(C): Same as (M) where the word 'monoid'  is replaced by 'cancellative 
monoid'. 
(G): Same as (M) where the word 'monoid'  is replaced by 'group'. 
We obtain the following proposition. 
Proposition 1.1. (1) A language Lc  X* has Property (M) if and only if X* /L  is a 
finitely presentable monoid. 
(2) It is Property (C) if and only if C(X*/  L) is the cancellative quotient of a finitely 
presented monoid. 
(3) It has Property (G) if and only if the group F (X) /  L has a finite presentation. 
ProoL (1): I fX* /L  is finitely presentable, then X* /L  = X* /T  for some finite subset 
T~ L, see [2, II Theorem 9.14]. Hence, L has Property (M) with T. Now, let L 
have Property (M) and T be such a finite test set. Then the canonical projection 
X* -~ X* /T  being constant on T must be constant on L. It follows X* /L  = X*/T, 
hence, the finite presentation of X* /L  
(2), (3): analogous to (1). [] 
There are already regular languages which have not Property (M). Moreover, the 
following holds. 
Remark 1.2. There is an infinite regular language Lc  {a, b}* such that for any finite 
subset T ~ L we find a homomorphism f :  {a, b}* -> M into a finitely presented monoid 
M with f (T )= l and f (w)# l for all w~L-  T, w# A. 
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?roof. Let L := {X} w {aba"b2l n>I 1} and T c L be any finite subset which contains 
:he empty word k. Consider the natural projection f :  X*--~X*/T where X := {a, b}. 
) f  course, f (T )= 1. The quotient X* /T  has a presentation by the following 
~oetherian semi-Thue system P:= {(aba"b 2, k)laba'b2e T}. Since the left-hand 
;ides of P have no overlapping, this system is confluent. It follows that words of 
K* become the unit element in the quotient X* /T  if and only if they reduce to k 
~y rules in P. Now, abamb 2is irreducible for P if aba"b2~ T. Hence, f(abamb 2) ~ 1 
n this case. [] 
Contrary to Property (M), the other two properties hold for a wide class of 
anguages. Examples are context-free languages, cf. [4, Proposition 3] or, more 
general, homomorphic images of sentential form languages, cf. [3, Theorem 3]. 
~mother interesting family of languages having these two properties are supports 
~f rational power series with coefficients in a field. Such supports L are given by 
L = {w ~ X* l s .  i~(w)t ~ 0} where /~" X*--> Mat,(k) is a homomorphism into the 
~-by-n matrices over a field k and s, t are column and row vectors respectively. We 
aave the following corollary. 
2orolla~j 1.3. Let L c X* be a Support of a rational power series; then L has Property 
IC). 
?roof. In [8, Lemma 4.2], it is shown that a support L satisfies the following: There 
s an integer n ~> 1 such that any word w e L with length at least n factorizes w = xuyvz, 
~here u ~ k, v # k, and xuyz, xyvz, and xyz are in L. Then, by induction, C(X* /L )  = 
2(X* /{w~ L[length(w)~< n}). [] 
Clearly, Property (C) implies Property (G). If k e L, then these properties become 
~quivalent. To see this, firstly observe that we may assume X=alph(L) := 
x ~ x l=lu, v ~ X*: uxv ~ L}. Right-inverses are inverses in any cancellative monoid. 
;ince k e L, the cancellative quotient C(X* /L )  must be a group, hence, C(X* /L )  = 
F(X)/L. I f  F(X) /L  is finitely presentable, then F(X) /L  = F (X) /T  for some finite 
;ubset T c L. Without restriction, it holds that k e T and a lph(T)=X.  Thus, 
~(X*/  L) = F (X) /  L = F (X) /  T= C(X* /  T), hence the claim. 
Property (G) does not hold for all context-sensitive languages. This follows from 
13, Example 4.1]. Another example of this type is {a'b'cnd'ln>~O}, see Remark 
L5 below. Recursive numerable anguages L satisfying Property (G) are grammati- 
cally characterized by a result of M6bus [5]: There is a generating rammar 
V, X, P, S) such that the inclusion X c (V w X) induces an isomorphism of groups 
F(X) /L~ F( Vu  X)/P.  These languages are called languages with Hotz isomorph- 
sm [3]. 
!. Test sets for pairs of homomorphisms into groups 
The considerations so far did not reveal any difference between regular and 
~ntext-free languages. A different behaviour appears if we ask for finite test sets 
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into groups. We shall see that there are very simple context-free languages without 
such test sets. This results from the following algebraic haracterization. 
Theorem 2.1. Let Lc  X*  be a language. The following assertions are equivalent: 
(1) There is a finite subset T c- L such that any pair of  homomorphisms f, g : X*  -> G 
into a group G agrees on L if it agrees on T. 
(2) The subgroup (L) o fF (X)  is finitely generated. 
(3) The amalgamated product F (X)  *<L) F(X)  is finitely presentable. 
The key to Theorem 2.1 is the following lemma. 
Lemma 2.2. Let Hand K be two finitely presentable groups, and let i: U ~ H, j : U ~ K 
be embeddings of  a third group U. Then the amalgamated product H *uK  := 
H * K /{ i (u )  =j (u)  for all u ~ U} is finitely presentable if and only if U is finitely 
generated. 
Proof. The amalgam H *v K is finitely presentable if and only if it is equal to 
H * K /{ i ( t )= j ( t ) ] te  T} for some finite subset Tc  U. (Again, this follows from 
[2, II, Theorem 9.14].) By [10, Theorem 1], we find back the amalgamated subgroup 
by intersection of the two components H and K. Here, this means H *uK  = 
H * K /{ i ( t )= j ( t ) ] te  T} if and only if the subset T generates the group U. [] 
Proof of Theorem 2.1. (1)~(2) :  Let T be such a finite test set. Let G:= 
F (X)  *<r> F(X) .  The first and second component of G give us two homomorphisms 
f, g :F (X) -> G. Since f and g agree on T, they agree on L by (1). The universal 
property of amalgams then yields a unique homomorphism F(X)  *<~> F(X)-> G. 
This necessarily is an isomorphism. We conclude with Lemma 2.2 that (L) is finitely 
generated (in fact, generated by T). 
(2)~(1) :  This is obvious since {z~ F(X) l f ( z  ) = g(z)} is always a subgroup of 
F(X). 
(2)<=>(3): This is a special case of Lemma 2.2. [] 
Corollary 2.3. There exists an infinite context-free language L C {a, b}* such that for 
any finite subset T c L we find two homomorphisms f, g : X*  -> G into a finitely presented 
group G with f ( t )  = g(t) for t ~ T and f (w)  ~ g(w) for almost all w ~ L. 
ProoL Consider L:= {anb"lb >I 0}. It is surely well-known that the language L has 
only finite intersection with any finitely generated subgroup of (L). Let us briefly 
indicate a proof for this fact. We shall show: 
a'ab'a~({a"b"iO<~n<~m-1}) fo ra l lm~l ,  rfi~>m. 
Consider the short exact sequence 
p 
1--> N-> F ( a, b) --> r--> 1, 
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where F is isomorphic to Z and generated by some element 7, p(a)  := 7, p(b) := T -~, 
and N := ker(p). 
Let N °b := N/ [N ,  N]  be the factor-commutator-group f N. Then N °b is isomor- 
phic (as F-module) to 7[T]. For x ~ N,  let ~ denote its image in N °b, then we have 
(axa -1) = 7~ for all x e N. 
Since anb n = aan-~b~-~a-lab, we have (a"b ~) = T ~-'  + 7n-2+ • • • + 7+ 1 for all 
n I> 1. The result follows. [] 
Further examples .  Let G be a context-free group. This means there is a surjective 
homomorphism ~p :X-~G and L:= ~-1(1) is a context-free language. Now, (L) is 
a normal subgroup of F(X) .  In fact, it is the kernel of the induced mapping 
F(X) -~G.  By the Greenberg Theorem [7, Proposition 3.11], and by [6, Lemma 1], 
we obtain that (L) is finitely generated if and only if L is regular. 
Coro l lary  2.4. Let L= X* be a kernel of a context-free group. Then L is support of  a 
rational power series with coefficients in a field if and only if  L is a regular language. 
Proof .  By the proof of [8, Theorem 4.1] we see that (L) is finitely generated for 
supports. (In fact, it is generated by the words of length at most n, where n is the 
same integer as in the proof of Corollary 1.3 above.) [] 
Table 1. 
Regular languages 
Monoids Groups Cancellative Groups Free 
g = 1 monoids g = 1 monoids 
g=l  
no: yes yes yes yes 
{ aba"b 2} u {A} 
Supports of no yes 
rational power 
series 
Context-free no no: 
languages { a"b n } 




Languages with no no 
Hotz-isomorphism 
Context-sensitive no no 
languages 
All languages no no 
yes yes yes 
yes yes yes 





no;  no"  
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Remark 2.5. Property (G) above is connected with the existence of test sets for pairs 
of homomorphisms into groups in the following way. Let ?( denote a disjoint copy 
of X. For a language L~-X* def ine/~c (Xu ,~)*  as 
~,:={Xl...x,~,,...~l~(Xu.~)*ln>---O,x~X for i= l , . . . ,n ,  xl.. .xnsL}. 
(Note that if L is context-sensitive, then/~ is context-sensitive, too.) It is not difficult 
to see that F(X) *<L> F(X) is isomorphic to the group F(X u .~)//~. Thus we find 
that L has a finite test set for pairs of homomorphisms into groups if and only if 
/: has Property (G). 
Since no finite test set exists for {a"b"ln>~O}, we obtain that the language 
{a~b"c"dnln >>-0} is context-sensitive without having Property (G). 
Summary 
We repeat our results in Table 1. The question there is the existence of finite test 
sets for L~-X*,  L~ ~ and pairs of homomorphisms f, g:X*-> M with M ~ d~. 
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